Abstract-Commercially-available shear wave imaging systems measure group shear wave speed (SWS) and often report stiffness parameters applying purely elastic material models. Soft tissues, however, are viscoelastic, and higher-order material models are necessary to characterize the dispersion associated with broadband shear waves. In this paper, we describe a robust, model-based algorithm and use a linear dispersion model to perform shear wave dispersion analysis in traditionally difficult-to-image subjects. 
I. Introduction o ver the past decade, shear wave elasticity imaging (SWEI) methods have been developed which employ acoustic radiation force impulse (arFI) excitations to generate shear waves in tissues and ultrasonic tracking techniques to monitor the shear wave speeds (SWSs) [1] [2] [3] [4] . recent studies with commercially available SWEI systems consistently portray positive correlations between liver stiffness and hepatic fibrosis stage and are finding application in noninvasively differentiating mild-to-moderate fibrosis from advanced fibrosis and cirrhosis [5] [6] [7] . These systems measure group SWS (c s ), and do not characterize higher order tissue properties such as tissue nonlinearity or shear wave dispersion (i.e., the frequency-dependent behavior of shear wave propagation arising from the viscoelastic nature of tissue).
recent studies have demonstrated that hepatic tissue exhibits considerable dispersion [8] [9] [10] [11] [12] [13] . although a diagnostic benefit of characterizing dispersive behavior has not been demonstrated to date in the context of hepatic fibrosis staging [10] [11] [12] , [14] , the presence of appreciable SWS dispersion in hepatic tissue begs the following question:
What is the impact of ignoring dispersion on the diagnostic utility of SWEI methods?
More specifically, what errors may materialize through the measurement and reporting of a single group SWS velocity estimate as compared with characterizing the higher order, more accurate phase velocity (dispersion) estimates. To that end, we present a robust, model-based SWEI processing algorithm to estimate shear wave phase velocities in noisy data. Using previously acquired SWEI data from a cohort of 135 patients receiving biopsies for non-alcoholic fatty liver disease (naFld) to evaluate liver fibrosis and steatosis [15] , we compare the performance of estimating group SWS with that of the phase velocity c(200 Hz) and dispersion slope dc/df parameters obtained using a linear dispersion model with our dispersion analysis. We evaluate the frequency dependence of optimal aUroc SWS thresholds for differentiating hepatic fibrosis stages, and we assess the correlation between experimental metrics [c(200 Hz),dc/df, and group SWS] and fibrosis stage. In addition, the absence of SWS trends with steatosis are presented.
II. Background
In a linear, isotopic, elastic material, the SWS (c s ) can be related to the shear modulus μ of the material in which the wave is propagating through the relation
where E represents the young's modulus, ν represents the Poisson's ratio, and ρ represents the density. However, this relationship becomes more complicated when the material exhibits appreciable viscoelastic behaviors. The commercial SWEI systems that are now clinically available measure SWS, but there is variability in the metrics that are displayed and reported [7] . Some systems report SWS (c s , in units of meters per second), which is the most direct quantity measured in the tissue, but some systems convert SWS to young's modulus (E, in units of kilopascals) using specific material assumptions, to facilitate comparison with tissue stiffness metrics reported from earlier compressive strain imaging efforts [16] . Under the assumptions of linearity, isotropy, pure elasticity, and incompressibility (so that ν = 0.5), young's modulus can be related to SWS and shear modulus as
Typically, a density of 1 g/cm 3 is assumed in the conversion from c s to E or μ. The use of higher order viscoelastic material models to characterize dispersive shear wave behavior has been investigated in hepatic tissues [10] , [12] , [14] , [17] , with the clinical motivation that the additional viscous parameters may provide novel mechanisms for tissue contrast and the delineation of different pathologies. It is possible to characterize dispersion using arFI excitation because these excitations include a wide range of shear wave frequencies (bandwidths up to 1000 Hz have been reported [18] ). The frequency dependence of SWS can be evaluated through shear wave spectral analysis and time-of-flight velocity estimation on an individual frequency component basis [19] , [20] .
Instead of reporting the frequency-dependent phase velocity, material models are typically used to parameterize the phase velocity in terms of a small number of variables. Viscoelastic materials are typically modeled as networks of discrete component springs and dashpots, for example a spring and dashpot in series (Voigt model), a spring and dashpot in parallel (Maxwell model), or a spring in parallel with a series combination of spring and dashpot (standard linear model). The relationship between shear wave speed dispersion and the material model parameters varies with the complexity and design of the material model [21] . The most common model that has been applied to SWEI data is the Voigt model, for which the dispersion relation is given in terms of the stiffness μ, viscosity η, and frequency ω = 2πf by
an alternative approach used in this investigation is to characterize the dispersion relation using a linear model [8] , [13] ,
where c 0 is the intercept at zero frequency and dc/df is the dispersion slope. This model is used here for three reasons.
First, we observe approximately linear dispersion for the frequency ranges measured using arFI excitations in human liver. Second, the Voigt model dispersion relation (3) is complicated and includes frequency ranges with upward and downward curvatures. Thus, for noisy measurements in a limited frequency range, the Voigt model can yield large variability in the fitted parameters as the fitting procedure attempts to identify these higher order behaviors. Finally, with the Voigt model, it is tempting to compare the stiffness μ calculated from the group shear wave speed using (2) with the stiffness μ obtained by fitting the Voigt model (3) to phase velocity data. However, this comparison is often not valid in cases with large dispersion, as is observed in human liver.
III. Methods

A. ARFI/SWEI Acquisitions and Liver Histology
The subject population and arFI/SWEI data acquisition procedures used for this study have been previously described [15] , [22] . Briefly, arFI/SWEI acquisitions were performed in 172 naFld patients undergoing biopsy at the Gastroenterology and Hepatology clinic at duke University Medical center in a study approved by the Institutional review Board at duke University. acoustic radiation force excitation and ultrasonic shear wave tracking were performed using a Siemens SonolInE antares scanner and a cH4-1 transducer (Siemens Healthcare, Ultrasound Business Unit, Mountain View, ca), as described by Wang et al. [22] . Excitation and tracking parameters are summarized in Table I . data were collected using 4:1 parallel receive tracking over nine excitations to track wave propagation to one side of the excitation. The total acquisition time was ~200 ms. In-phase and quadrature (Iq) data were saved and processed off-line using the loupas algorithm [23] to estimate tissue displacements relative to reference data collected before the excitation. The displacement estimates were low-pass filtered at 1 kHz, and a quadratic motion filter was applied to reduce the effects of physiologic and transducer motion. after scan conversion, the group SWS was determined by estimating the arrival time of the peak displacement as a function of position. The ranSac algorithm was used to perform a linear least squares regression to data within the axial depth of field (doF) which was calculated [24] as 8F 2 λ = 22 mm using the f-number F and wavelength λ = c/f from Table I. In the remainder of this paper, we refer to the SWS estimated using this procedure as the group SWS. Finally, the displacement data were averaged over the doF for the analysis described later. calculations were performed using Matlab (The MathWorks Inc., natick, Ma) on a linux cluster with an average cPU speed of ~2.6 GHz.
arFI/SWEI acquisitions were performed at two intercostal locations and one lateral, subcostal location with 6 to 12 (total) acquisitions in each subject. Statistical analy-sis [15] indicated no significant variation with 1) the variation in stiffness between patients within each fibrosis stage averaged over the locations and replicate measurements, 2) the variation in stiffness across the three imaging locations averaged over the replicate measurements, and 3) the variation in stiffness between replicate measurements within the same patient. Thus, all of the successful estimates of group SWS at the three imaging locations were combined for the analysis in this study. Successful estimations of group SWS were achieved in 135 of the 172 subjects.
all liver biopsy specimens were hematoxylin-and-eosin (H & E) stained. liver histology was reviewed and scored for steatosis grade and fibrosis stage by either a liver histopathologist (cG) or a hepatologist (Ma) according to the published naSH clinical research network scoring system [25] . Briefly, steatosis was graded from 0 to 3 based on the percentage of affected hepatocytes: <5% (grade 0), 5% to 33% (grade 1), 34% to 66% (grade 2), and >66% (grade 3). Fibrosis was classified into 5 stages: none, normal connective tissue (stage 0), zone 3 perisinusoidal or periportal fibrosis (stage 1; 1a = mild, zone 3, perisinusoidal, 1b = moderate, zone 3, perisinusoidal, 1c = portal/ periportal), moderate, zone 3, perisinusoidal and portal/ periportal fibrosis (stage 2), bridging fibrosis (stage 3), and cirrhosis (stage 4). For the purpose of these analyses, fibrosis stages 1a, 1b, and 1c were combined and treated as stage 1.
B. Dispersion Analysis
The naFld patient population in this study is often characterized as difficult to image acoustically because of phase aberration and acoustic attenuation that, in SWEI data, leads to decreased shear wave amplitude, increased noise in displacement estimates [15] , [26] , [27] , and increased sensitivity to effects such as physiologic motion [28] . Because of these difficulties, we have had poor success (see Section IV-B) in attempts to measure dispersion using the phase spectroscopy technique [19] , and have investigated alternative methods to quantify dispersion.
our approach builds upon that presented by nenadic et al. [29] , who have described a method to measure the frequency dependent phase velocity by constructing the two-dimensional Fourier transform (2d-FT) of the particle velocity in the propagating shear wave and measuring the spatial frequency k(ω) by identifying the location of the peak 2d-FT signal at discrete temporal frequencies. Fig. 1 illustrates this method for arFI/SWEI acquisitions in subjects with fibrosis stage F1 (left) and F3 (right). The top row of the figure shows the particle velocity as a function of position and time after differentiating the measured displacement signal with respect to time. The second row of the figure shows the corresponding 2d-FT data with the location of the peak signal at each temporal frequency indicated by the black line. The third row of the figure shows the phase velocity, labeled M1, calculated using the relation c = ω/k = fλ. We observe that above a frequency of roughly 75 Hz, the phase velocity exhibits an approximately linear frequency dependence. Below 75 Hz, the phase velocity deviates from the linear dependence because of the roll-off of the 2d-FT signal at low frequency.
as discussed in Section II, we use a linear dispersion model (4) to parameterize the phase velocity in terms of the intercept c 0 and dispersion slope dc/df. For measurements such as shown in Fig. 1 , the intercept and slope were estimated by performing a linear regression of phase velocity as a function of frequency. Because of the deviation from linearity at low frequencies, the frequency range used here was chosen to extend from the frequency of the maximum 2d-FT signal to the maximum frequency of the −12-dB energy contour. For the cases shown in Fig We also consider an extension of the described 2d-FT approach to estimate model parameters directly from 2d-FT data by adapting the radon sum approach described by rouze et al. [30] . In this method, we consider curved trajectories through the 2d-FT domain with the spatial frequency k(ω) determined by the specific dispersion model being considered. By evaluating these trajectories as a whole, this method is expected to be less sensitive to gross outlier data and to increase the robustness for noisy data as compared with the estimation of model parameters using a linear regression of phase velocity data measured at individual frequencies. For the linear dispersion model used here, the solution space is parameterized by the intercept c 0 and slope dc/df, and different solutions are compared using the sum S(c 0 ,dc/df) of the 2d-FT signal |U(k,ω)| 2 along the curved trajectory where the wavenumber k = k(c 0 ,dc/df,ω) is expressed in terms of frequency using (4) as
The model parameters c 0 and dc/df that best represent the phase velocity are given by the coordinates of the maximum sum. The frequency range used for the summation in (5) was the same as the frequency range used for the linear regression in the method described in the previous paragraph. In Fig. 1 , the results obtained using this method are shown as red lines labeled M2 on the plots of phase velocity, and the frequency extent of these lines indicates the frequency range used in the summation in ( (5) is not a true radon sum, and in the following, we refer to this method below as a radon-like sum.
In addition to the 2d-FT methods described previously, we also consider the phase spectroscopy method [19] to characterize the dispersion in simulation data. This method determines the shear wave phase velocity by Fourier transforming the shear wave particle velocity in time and performing a linear regression to determine the slope dϕ/dx of the Fourier transform phase ϕ as a function of position x. Then, the phase velocity is given by c f f
as noted previously and in Section IV-B, we have had poor success in our attempts to apply this method to our human liver data, and it is used here only to analyze simulation data.
C. ROC Curve Analysis
The ability to distinguish disease states was evaluated by performing receiver operator characteristic (roc) curve analysis. For fibrosis staging, roc curves were constructed corresponding to the separation of subjects into mild-to-moderate fibrosis with stages ≤F2, and advanced fibrosis with stages ≥F3. For steatosis scoring, subjects were separated into groups with low steatosis with grades ≤S1 and high steatosis with grades ≥S2. roc curves were constructed by considering a range of threshold levels for three metrics: the phase velocity evaluated using (4) at a frequency of 200 Hz, i.e., c(200 Hz), the dispersion slope dc/df, and the group SWS. For each curve, the threshold parameter was varied throughout a range sufficiently large to include all measured values of the parameter. For each specific threshold level, subjects were categorized as true positive, true negative, false positive, or false negative depending on the value of the threshold parameter and the fibrosis stage or steatosis grade for each subject. Sensitivity and specificity values were calculated from the subject population in each category and roc curves were constructed by plotting sensitivity versus (1 − specificity) as a function of the threshold parameter. The area under the roc curve (aUroc) quantifies the ability to distinguish between the two disease states, and the sensitivity and specificity at different thresholds along the curve can be used to characterize the measurement. The optimal sensitivity, specificity, and threshold are given by the point on the roc curve nearest to the corner with sensitivity = 1 and specificity = 1.
D. Finite Element Simulations
Previously-validated finite element (FE) models were used to simulate the dynamic response of a viscoelastic solid to impulsive, acoustic radiation force excitations [31] . The three-dimensional response of the solid was solved through the balance of linear momentum using lS-dy-
where G 0 and G ∞ are short-time and long-time (infinite) shear moduli, respectively, and β is the decay constant. 
where
and B = . 
The excitation force was modeled [31] as
where α is the attenuation, c sound is the speed of sound in the medium, and the acoustic intensity I was calculated based on the transducer excitation configuration using Field II [32] with an amplitude chosen empirically to give an on-axis displacement of ~20 μm. The simulation had lateral × elevational × axial dimensions of 30 × 15 × 90 mm and utilized quarter-symmetry boundary conditions on the lateral-axial and elevational-axial faces. Elements were uniform cubes with 0.25 mm node spacing. Simulations were performed for a duration of 15 ms with intermediate results saved at intervals of 0.1 ms, consistent with the experimental measurements. Simulations were performed using 336 combinations of material constants with 5 kPa ≤ G 0 ≤ 30 kPa, 0.5 kPa ≤ G ∞ ≤ 8 kPa, and 0.5 Pa·s ≤ (G 0 − G ∞ )/β ≤ 80 Pa·s. To select simulations with viscoelastic properties similar to human liver, the liver data were analyzed by calculating the 2d-FT and determining the maximum spatial and temporal frequencies of the −12-dB energy contour in all patients. Fig. 2 shows the maximum frequencies for human liver with results plotted as a function of fibrosis stage. We observe that the maximum temporal frequency increases with fibrosis stage and that the maximum spatial frequency is approximately independent of fibrosis stage. We note that these results are consistent with a model in which the range of spatial frequencies is determined by the excitation process, whereas the range of temporal frequencies also depends on the shear wave propagation speed and increases with higher fibrosis stages. Similarly, results from each of the simulation cases were analyzed to determine the maximum spatial and temporal frequencies of the −12-dB energy contour, and 58 cases were found to agree with the human liver data in Fig. 2 . These 58 simulations were used to evaluate the analysis methods described in Section III-B. Fig. 3 shows results from simulations performed using the material constants G 0 = 15 kPa, G ∞ = 2 kPa, and β = 6500 Pa·s (left) and G 0 = 30 kPa, G ∞ = 6 kPa, and β = 12 000 Pa·s (right). Shown are the particle velocities as a function of position and time (top), the 2d-FT data (center), and phase velocities (bottom). For the phase velocities, results are shown for the two methods discussed in Section III-B which determine k(ω) from the 2d-FT data by finding the location of the maximum signal at discrete frequencies (method M1) and by performing the radonlike sum (method M2). also shown are the phase velocities measured using the phase spectroscopy approach (method M3). These phase velocities are plotted over the frequency range determined in the same way as for the human liver data using the energy distribution of the 2d-FT data, see Section III-B. also shown in Fig. 3 are the true phase velocities calculated from the material constants using (8) . We observe that the phase spectroscopy results are in agreement with the true phase velocities, and that the phase velocities estimated using both of the 2d-FT methods overestimate the average speeds and dispersion slopes. We also note that the oscillatory structure in the phase spectroscopy results is, in part, a result of the mesh size used in the simulation. results obtained using different mesh sizes show increased frequency and decreased amplitude in the oscillatory structure with increased temporal or spatial ranges. However, the results shown in Fig. 3 were chosen because they correspond to the spatial and temporal ranges of the experimental measurements. 
IV. results
A. Finite Element Simulations
The experimental methods described in Section III-B were evaluated by analyzing the results of finite element simulations where the true results could be determined from the known material properties. Fig. 4 shows scatter plots for results obtained by analyzing the results from the 58 simulations that were identified in Section III-d as similar to human liver. Each plot compares the experimental results to the true results obtained from the known phase velocity (8) . comparisons are made for the speed c(200 Hz) (left) and slope dc/df (right) from the linear dispersion model, and for the three experimental methods described in Section III-B, i.e., measuring k(ω) from the location of the peak 2d-FT signal (top), the radon-like sum (middle), and phase spectroscopy (bottom).
The results shown in Fig. 4 demonstrate good correlation between each of the three experimental methods and the true results. The phase spectroscopy results give the best correlation and lowest bias. However, because we have not been able to analyze our experimental data using this method, we have also considered the other two methods. compared with the measurement of k(ω) from the location of the peak 2d-FT signal, the radon-like sum method is more robust, with better R 2 values, lower biases, and smaller values of standard deviation for the scale factor α. Thus, we have chosen to use the radon-like sum method for the analysis of the human liver data subsequently. We note, however, that the results presented in Fig. 4 apply only to the 3-parameter viscoelastic model used in the simulations. The actual viscoelastic properties of human liver are not known, and it is not possible to determine the degree of bias introduced in human liver measurements by any of the analysis methods considered here. 
B. Results in Human Liver
Using the radon-like sum method, the linear dispersion analysis was successfully performed in 98 of the 135 subjects for which group SWS estimates were available. From these subjects, a total of 374 individual acquisitions gave successful group SWS and linear dispersion analyses. These subjects and acquisitions were selected by examining the 2d-FT data from each acquisition and judging whether or not the phase velocity data k(ω) calculated using the linear dispersion model accurately represented the energy distribution of the 2d-FT data. To verify these selections, we also evaluated the 2d-FT data using the method of nenadic et al. [29] to determine the spatial frequency k(ω) from the peak 2d-FT data at discrete temporal frequencies. analyzing these data using the linear dispersion model gave 354 acquisitions in 100 subjects with R 2 ≥ 0.70, and nearly a perfect overlap with the results of the radon-like sum approach. For comparison, a similar linear regression analysis using the phase spectroscopy method [19] gave 37 acquisitions in 28 subjects with R 2 ≥ 0.70. Because of these low yields, we have concluded that the phase spectroscopy procedure is not sufficiently robust to be used for the analysis of our human liver data.
The results identified in the previous paragraph are compared in the scatter plots shown in Fig. 5 where the linear dispersion model is evaluated at frequencies of 0 Hz (left) and 200 Hz (right). In this figure, the individual acquisitions are divided into groups of subjects with low fibrosis (≤F2, black) and high fibrosis (≥F3, red). The coefficient of determination R 2 is given on each figure and indicates significantly better correlation when the linear dispersion results are evaluated at a frequency of 200 Hz.
For the c(200 Hz) results in Fig. 5 , we also observe a deviation from a linear relation with a slight downward curvature. This behavior suggests that the frequency required to give the best agreement between the group SWS and linear dispersion results should increase for higher speeds (and higher fibrosis stages) to increase the contribution from the dispersion slope term in (4). This result is consistent with the increased range of frequencies observed with greater fibrosis stages in Fig. 2 . Fig. 6 shows a scatter plot with the patient-averaged dispersion slope dc/df plotted as a function of phase velocity evaluated using the linear dispersion model (4) at a frequency of 200 Hz, i.e., c(200 Hz). on the figure, individual subjects with low fibrosis stage (≤F2) are indicated in black, and with high fibrosis stage (≥F3) in red. We observe a weak correlation with R 2 = 0.30 between the dispersion slope and c(200 Hz). We also observe left-right and top-bottom separation of the low-and high-fibrosis results, suggesting that both c(200 Hz) and dc/df can be used to distinguish between high and low fibrosis stages. Fig. 7 shows roc curves for separation of mild-tomoderate fibrosis with stages ≤F2 from advanced fibrosis with stages ≥F3 using the phase velocity (4) evaluated at 200 Hz (left), the dispersion slope (center), and the group SWS (right) as the threshold parameter. For each Hz) for 98 subjects that were successfully analyzed using the linear dispersion model. Subjects are divided into those with low fibrosis stage (≤F2, black) and high fibrosis stage (≥F3, red). Fig. 7 . roc curves for separation of fibrosis stages ≤F2 and ≥F3 obtained using c(200 Hz) (left), dispersion slope (center), and group SWS (right) as the threshold parameter. The optimal sensitivity and specificity is indicated on each plot. Values of aUroc, optimal sensitivity, and optimal specificity are given in Table II. case, the sensitivity and specificity were calculated as the threshold parameter was varied, and the optimal threshold for the point on the roc curve nearest the corner with sensitivity = 1 and specificity = 1 was identified and is indicated on the curve. Values of aUroc, optimal sensitivity, optimal specificity, and threshold parameter for the three roc curves are given in Table II .
C. Fibrosis Staging in Human Liver
The ability to distinguish fibrosis stages ≤F2 and ≥F3 was also investigated by evaluating the phase velocity as a function of frequency using (4) and performing the roc analysis using the threshold parameter c(f). Fig. 8 shows frequency dependence of the aUroc (left) and optimal threshold speed (right) determined from this analysis. For the frequency range 0 to 400 Hz, we observe an increase in aUroc at low frequencies that approaches an approximately constant value for frequencies greater than 200 Hz. In addition, we observe that the optimal threshold speed for best separation of fibrosis stages ≤F2 and ≥F3 varies from roughly 1.8 m/s at f = 0 Hz to roughly 3.3 m/s at f = 400 Hz. Fig. 9 shows roc curves for separation of low steatosis with grades ≤S1 from high steatosis with grades ≥S2 using c(200 Hz) (left), dispersion slope (center), and group SWS (right) as the threshold parameter. Values of aUroc for the three cases are 0.49, 0.47, and 0.49, respectively. We observe that the roc curves are roughly diagonal with aUroc values approximately equal to 0.5. Thus, these observations agree qualitatively with roc curves characteristic of random chance and indicate that these parameters are unable to distinguish between steatosis grades in this patient population.
D. Steatosis Grades in Human Liver
V. discussion clinical studies using SWEI to stage liver fibrosis have consistently shown increases in SWS with increasing fibrosis severity; however, the SWS thresholds to distinguish different fibrosis stages vary [6] , [7] . There are many possible physiologic sources of variability between patients and studies (e.g., disease etiology, food intake status, etc. [33] ); however, the inadequate treatment of viscosity in SWS reconstruction algorithms may play a significant role, as we have demonstrated in the differences between group SWS estimates and dispersive analyses using the linear dispersion model. These differences are consistent with the findings of other studies. In healthy volunteers, Muller et al. reported SWS dispersion over the frequency range of 60 to 390 Hz using shear wave elastography. The SWS associated with the lowest frequency (1.2 m/s) was in good agreement with reports from the literature obtained at 50 Hz with the FibroScan and MrE measurements; however, the group SWS for these data was higher (1.48 m/s) [11] . Thus, one would expect that if the bandwidth of the shear wave excitations differed between commercial systems, the group SWS would vary as well, which could lead to heterogeneity between SWS thresholds for different fibrosis stages.
The spatial frequency content of an arFI-induced shear wave is dictated by the excitation's spatial beamwidth, which was consistent for all human data presented herein because the same arF focal configuration was used for all study subjects. The corresponding temporal frequency content is a function of the excitation beamwidth and duration, the material stiffness, and shear attenuation. The group SWS characterized using a purely elastic, single-parameter material model in dispersive media can be considered the weighted mean of the speeds associated with all the frequencies present in the excitation.
one of the most significant findings presented herein is the investigation of the SWS threshold variability with frequency for fibrosis staging. The aUroc does not vary appreciably for frequencies greater than ~200 Hz when separating fibrosis stages ≤F2 from stages ≥F3 (Fig. 8,  left) ; however, the optimal threshold for separating these Fig. 8 . Frequency dependence of the aUroc (left) and optimal threshold speed (right) evaluated from roc curves constructed using the phase velocity c(f) from (4) as the threshold parameter. fibrosis stages is shown to increase with frequency over a range from 1.8 to 3.3 m/s for frequencies in the range 0 to 400 Hz (Fig. 8, right) . This is not surprising because of the dispersive nature of liver tissue; however, it does have implications when comparing hepatic shear wave speed measurements made using different imaging systems and different excitation focal configurations. These data may explain, in part, differences in thresholds reported in the clinical literature obtained using different systems [6] . It may be that the heterogeneity among fibrosis-stage thresholds could be reduced if a normalization factor based upon the frequency content of the shear wave could be identified. one of the challenges in characterizing dispersion in the data from our study was the relatively poor data quality, which is typical of SWEI data in the naFld patient population. The use of 2d-FT data combined with the radon-like sum enabled robust characterization of dispersion. Even with this method, only 98 of the 135 patients had sufficient Snr to be included in the dispersion analysis. additionally, this method required the use of an assumed material model [i.e., the linear dispersion model (4)], and thus, conclusions drawn are subject to the validity of the assumptions in the model. a key assumption in the 2d-FT and radon-like sum analysis method used herein is that the results obtained are characteristic of the material properties in liver. To test this assumption, we applied the analysis procedure to data sets from simulations that had been constructed to model the experimental excitation and shear wave propagation in a viscoelastic medium. data from 58 simulation data sets were identified as having 2d-FT data similar to that observed in human liver for our focal configuration, and Fig. 4 compares the results from these 58 cases using the experimental analysis procedure with the true results calculated from the known material properties used in the simulation. This comparison shows that the results obtained using the 2d-FT and radon-like sum method are well-correlated with the true results and are also biased relative to the true results. of course, the actual viscoelastic properties of human liver are not known, and it is not possible to determine the degree of bias introduced when analyzing the experimental data. nevertheless, because of the high degree of correlation between the experimental and true results presented in Fig. 4 , we conclude that our analysis procedures can be used to characterize the relative viscoelastic properties of liver. Thus, numerical results such as shown in Fig. 6 could be systematically biased, but results such as the roc curve analyses which depend on relative viscoelastic properties should not be affected by the experimental analysis procedures used here.
aUroc analysis was performed in the context of differentiating fibrosis stages ≤F2 from stages ≥F3 using the parameters c(200 Hz) and dc/df from the linear dispersion model, and also the group SWS. as shown in Fig. 7 and Table II , each material parameter could be used to identify significant fibrosis, with slightly better aUroc values obtained using the group SWS compared with c(200 Hz), and a somewhat lower aUroc value obtained using the dispersion slope. These findings in the naFld patient population are consistent with recent findings comparing the performance of SWEI-based group SWS and dispersion analyses in hepatic fibrosis staging in a cohort of 35 liver disease patients of all etiologies [12] , as well as a cohort of 120 chronic liver disease patients [17] .
Finally, it has been hypothesized that hepatic shear wave speed may vary with steatosis, but recent studies find no correlation with steatosis and hepatic stiffness derived from group SWS measurements [15] , [34] , [35] . our findings are consistent with these conclusions, both when analyzing group SWS and higher order viscoelastic metrics. In Fig. 9 , aUroc curves for the different model parameters [c(200 Hz), dc/df, and group SWS] are provided for separation of steatosis grades ≤S1 from grades ≥S2 in our patient data. There is no correlation between steatosis and any of the material model parameters, as evidenced by the aUroc values near 0.5 for each parameter. This finding is consistent with a recent report investigating shear wave dispersion using shear wave spectroscopy in a cohort of chronic liver disease patients [17] . although it has been hypothesized that the accumulation of fat in steatosis might be associated with increased viscosity in these livers, this is not the case in these data. It should be noted that the intra-cellular nature of the accumulation of fat in liver steatosis may limit its impact on the intercellular collagen network that is likely modulating SWS in the context of fibrosis. differences between intra-and inter-cellular changes in microanatomy may change the way that SWS is modulated in the context of different pathologies.
VI. conclusion
We have presented a robust, model-based algorithm using a linear dispersion model for performing shear wave dispersion analyses in naFld patient SWEI data for comparison with simple group SWS estimates. The use of simplified elastic material models and group SWS estimates appears to be sufficient for staging liver fibrosis, whereas neither elastic nor viscoelastic shear wave-derived parameters are correlated with hepatic steatosis in this patient population. For hepatic fibrosis staging, comparable aUroc values of ~0.9 can be achieved using frequencies ≥200 Hz. at the same time, the optimal threshold speed c(f) for separation of low and high fibrosis stages increases from 1.8 m/s to 3.3 m/s for frequencies in the range 0 to 400 Hz, and thus it may be possible to reduce threshold variability between different systems by determining a conversion factor based on excitation frequency.
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